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Bifurcation theory for stationary motions was developed by Poincaré [1] and
Chetaev [2] for Lagrangian conservative mechanical systems, This theory is
based on the investigation of the (transformed) potential energy of the system
V="V(, q -+ gm)where g, ..., gn are the Lagrange coordinatesand
¢ is a parameter, For three problems in solid body dynamics we have shown
below that this theory is applicable for the investigation of systems with known
first integrals U (z,, ..., x,) = & Uiy ooy 2y =¢py v oy

Ug(zy - - wpy) =cp (F+1<n)
As in the classical case, here we can introduce the function
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W(Cgs ooy € Ay evon Moy &gy 000y @) = U+ A (Uy — ) 5. ..
-+ ki (U — ep)
whose role is analogous to that of potential energy in the Poincaré-Chetaev
theory; here Ay, ..., Ay, 2, ..., z, formally play the role of the vari-

ables ¢1, . .oy gm (kK + n == m).

1, We have the equations

OW/or, = U;—e¢, =0, ..., OW/oh, = Uy —c¢p =0 (1.1)
oW/lox, =0, ..., oW/ox, = 0
for defining the stationary motions, Let
Ay =20 (ery oo yen)y,  x; = x2(eq, . ., Cp) 1.2)
G=1,...,ki=1..n

be a real solution of system (1,1), By A we denote the Hessian of the function W in

the variables A, ..., Ay, 23, . . ., Zn, computed for solution (1,2), We have A =

0 at the branch points of the solutions of Eqs, (1,1), Points for which A = 0 are called
bifurcation points, This definition coincides with the definition of bifurcation points for

Lagrangian conservative mechanical systems [2].

Let ¢; =c;(a) (j =1, ..., k) be certain continuously -differentiable functions
of parameter a. The expressions
o K o 3 o k Q A
dh,; _ Z NS de, _ A dx; _ 2 Az, _(Ei _AUD (1.3)
da & Fe, da A Tda S Ge, dx A :

hold for the derivatives dA;° / dx and dz;,° / da,where A() denotes the determinant
obtained from A by replacing its [th column by a column with the components dc, /
do, ..., de, /da, 0, ..., 0. Relations (1, 3) are analogs of relations well known in
bifurcation theory (see the expression for 6 on p,42 of [2]); on this basis the analysis
of the bifurcation points of the original system with many degrees of freedom can,under
specific conditions, be reduced to the investigation of the bifurcation points of a certain
reduced system with one degree of freedom, and vice versa,

We obtain the sufficient stability conditions for motion (1,2) from Routh’s theorem as
the sufficient conditions for the sign-definiteness of the quadratic form

EW = -

1, =1

02
vl

under the conditions

anzé@éZ—j)oax,-:O =1 . B, det“(%—g—j—)ouf#o (1.5)

1=

These stability conditions can be represented in the form
Dv>0 or (—‘1)\'DV>O (’V:i,...,ll-—k) (1v6)

where D, denotes the (2k -- v)th-order principal diagonal minor of the determinant
D =(—1)%A=D,_;.

We examine the equation
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© B
Aw) = ‘B' A— xE,
where - -y
W A i
A= H W"’z) ’ B:)l(ax:)o i, j=1

© isthe (k X k) zero matrix, E,, is the nth-order unit matrix, and the prime de~
notes transposition, This equation is a natural generalization of the secular equation and
has the real roots ¥y, . - -» ¥n-k which are the analogs of the Poincar€ stability coef-
ficients, while the number of negative roots is the analog of the degree of instability %
of motion (1,2) if A (0) = A 5£ 0. When the system's motion is described by equa-
tions of the form
dr;/dt = F;(zy, . .., z,) (=1,....n)

the following analog of the Kelvin~Chetaev theorem holds [2],

Theorem, If D = (— 1) FA < 0, and if the equation

i

(%—‘)O = oby| = (=) (S 4 gy ¥ - g0t gp) =0 (L)
where & -1 -4 2p = n, 1> 0, §;; are the Kronecker symbols, has no more than
k zero roots, then the unperturbed motion (1, 2) is unstable ; here Eq, (1, 7) has an odd
number of positive roots,

The proof of this theorem is simple but cumbersome and is based on the investigation
of the quadratic first integrals of the variational equations,

2, Let us examine the problem of the bifurcation and stability of the permanent ro-
tations of a balanced gyrostat, Volterra [3] made a full investigation of these motions
on the basis of a theorem which essentially is a modification of Routh's theorem, Rumian-
tsev [4] has investigated by Liapunov's direct method the stability of the permanent rota-
tions of a gyrostat around its principal inertia axes which are possible under the condition
that the gyrostatic moment vector is collinear with a principal inertia axis, However,
the question of the bifurcation of these motions remains open,

The equations of inertial motion of a gyrostat with one fixed point () admit the in-

regrals U= Z (J10; + g1)* = const, U, = Z J1wy2 = h = const
(123) (123)

Here w;, g; (i = 1, 2, 3) are the projections of the gyrostat's absolute instantaneous
angular velocity vector and of the gyrostatic moment vector onto the principal axes of
its inertia ellipsoid for point O, J; are the gyrostat's principal inertia moments; the
summation sign with the symbol (123) denotes that two other terms are obtained by a
cyclic permutation of the indices 1, 2, 3,

From equations of form (1,1) we find the following expressions for the projections of
the angular velocity of the gyrostat's permanent rotations:

o0 = xf_lfl (123) 2.1)
where A = A (k) is an algebraic function of parameter k. defined by the equation
_ Jagi?
h= 2 5275 2.2)

(123)
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The sufficient conditions (1, 6) for the stability of motions (2,1} are reduced to the
inequality T .
D= —A=JJo s —J)h— T —T) 2 757 >0 (2.3
123
By virtue of the above-cited theorem this condition is also a necessary stability condition,
The first of formulas (1, 3) leads to the relation

D= — A= JuJoTs (Jy = W) (Js — W) (s — 1) 22 (2.4)

from which it follows, in particular, that if A = J,, J,, J,, then A = O if and only if

dh / dh = 0; therefore, at the bifurcation points, for which A = 0, the function & =-

h (A) has stationary values,
The generators

Z g1(Jo— J3) ooy =0 {2.5)

{123}

of a cone serve as the axes of the gyrostat’s permanent rotations (2,1) in the body, The
set of permanent rotations (2, 1) can be represented geometrically as the curve 2 =
A (R) defined by Eq. (2.2). The correspondence between the points of curve A == A(h)
and the cone's generators (2, 5) is established by formulas (2, 1),

Figure 1 shows the graph of the function h = % (1) for the case when

(Jg —J3) (Jg — T (V1 —Jo) g8 7+ 0 (J1 << T, < Jy)  (2.6)
By A; = Aj(h) (j =1, ..., ) we denote the branches of curve A = & (k). As A
varies within the intervals
0<<h<<oo, 00 >h>hey k< h<oo, o0 >>h>>hy
hy <h<<oo, 00 >h >0 (hy =h(h); hax =k (has))
the values of }; range within the intervals
—oo <M <y T <y g Mg Tha <
Jo <y < s Ay << hs < J s, J3 <<y << 00

where Ay and A, are roots of the equation dh / dh = (. By virtue of (2.1), to these
six branches of curve A == A (h) there correspond

! fel izl /”:‘\\W wl|twr i the space (@, ®,, s h) six branches of the
, HIN \ curve ©; = o; (h) (i == 1, 2, 3) ; here the values
> / N & i h—= hy and h == Ay, correspond to bifurcation
he S | ‘ points, These points are the limit points for those
/ | branches of curve o; == o; (k) (i = 1, 2, 3) which
1 correspond to the branches A,, A, and A4, A; of
g Jp A Jr Ands A carve A == A {R). As h varies in the intervals
Fig, 1 0 << b < Py Py <<h<hy andh, < h<Too

we have, respectively, two, four and six branches of
the curve o; = o; (k) (i =1, 2, 3).

The results of the investigation of stability condition (2, 3) with the use of relation
(2. 4) are shown in Fig,1 where the digits (0), (1), (2) on the branches of curve A= Ax
(k) indicate the degree of instability of motions (2,1), while bifurcation points corres-
pond to the values A == A, and A = A, . If condition (2, 6) is not satisfied, the per-
manent rotations and their stability conditions can be obtained from (2,1)=(2.3) by
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appropriate passage to the limit,
For example,let g, = 0, gg3 0, J, < J, < J,. Then
o1 =x%8 (J1—A), = %ﬁ , 3= ’?»62—.13 (» is a parameter) 2.7)
where 6 (x) == 0 if 2550 and 6 (0) = 1. In space (i, A, ») the motions (2, 7) can be
represented geometrically as a sur-
h 1 2] l {7/’ V110 (o) 2@ h : face h = h (A, %), whose equation is
f \ (2 l{ 112 obtained as a result of substituting
/ \ ' the values (2, 7) into the energy in-
! tegral U; = h. This surface consists
(2] Al of the cylindrical surface h = & (},
0), A = J, from which is removed
4 Jy Jy Aedy; A 7 #  the generator corresponding tothe value
b A= J,,and of the parabola & = h (J, »),
/2)‘ /7/: ) (4} \/1) U m//;;// A = J,;, locatedinthe plane ) = J,.

| N The cylindricalsurface and the parabola
:
i . d
j})% /
07,

have one common point for which A =
a /2)‘ 1

|
Jy % =0, b =h (J;, 0). Keepingin
mind the fact that to each of the gene-
rators of the cylindrical surface there
corresponds one and only one motion
(2, 7), we associate with the genera-
tors of this surface the points of their
intersection with the plane % =0
and for the geometric representation
of motions (2, 7) in the space (&, A,
®) , instead of the surface h = 2 (X,
%) we examine the curve | whose
individual branches lie in the ortho-
gonal planes x = 0 and A = J, and
Fig, 2 are specified by the equations h =
(A 0), x=0 and h = h (Jy, %), A =

{ J,

J, . respectively,

The form of the projection of curve ! onto the plane x = 0 is shown on the left in
Fig,2,a, while onto the plane A — J, for A < J, is shown on the right., Expression
(2,4) for D 1akes the form

1 oh .
:—2—-]1]2]3(]1—7»)(Jz—k)(Ja—-}»)—a—};, if  A£J1

1 ol
D=—=IiJuls (e =T Us— J)x 35—, if A=r

Using these relations and the form of curve ! we conclude that motions (2, 7) are stable
if A>T, A, <A< J, 00 A< J,, where A, is a root of the equation 9k / 9k == 0 and
are unstable if Jy <<A < J, or J, <A <A,; for A = J, we have D > 0 for all x =
0, and motions (2, 7) are stable, Bifurcation points correspond to the values A — Ay
»=0 and A= J, % =0, In Fig, 2a, the digits (0), (1), (2) indicate the degree of
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instability of motions (2, 7).
Now let 8 =g =0, g3+ 0, J, < J, < Jg. Then

O =%8 (J; — 1), @y =u8(J, —L), =g —J (2.8)

The projections of curve / onto the plane x — ( and onto the plane A = 0 for A < J;
are shown in Fig,2,b; bifurcation points correspond to the values A = J;, » = 0 and
A=Jy,nu=0,

Finally, when g, = g, = g3 = 0, J, < J, < J, (the Euler case), from (2.1) and (2.2)

we obtain
or=xd (J1i—A) (123), hQ,m = D Jid(Ji— A (2.9)

(123)

From stability condition (2, 3) we conclude that the body's uniform rotations (2, 9) around
the minor and major axes of its inertia ellipsoid are stable, while the rotation around the
middle axis is unstable, The projections of curve / onto the planes % — 0 and A = 0
are shown in Fig, 2, c; here all points of the A -axis are bifurcation points and correspond
to a neutral equilibrium position of the body,

3, Let us examine the problem of the motion in a central Newtonian force field of
a solid body with one fixed point and with a cavity wholly filled with a homogeneous
incompressible viscous liquid, We introduce a moving rectangular coordinate system
Ox,x,x, with origin at the body's fixed point () at a distance /I from the center of
attraction /V , and with axes coinciding with the principal axes of the system's inertia
ellipsoid for point (), For simplicity of computation we assume that the principalaxes
of the liquid’s inertia ellipsoid for point () coincide with the axes I, zy, ;. We in-
troduce the notation: A4;, B;, C; ({ = 1, 2, 3) are the moments of inertia relative
to the x;-axis of the body, of the liquid and of the whole system, respectively ; o;, G;,
g; are the projections onto the x;-axis of the body's instantaneous angular velocity vec-
tor, of the liquid's kinetic moment vectors relative to point () 1in its absolute and rela-
tive motions, respectively; u; are the projections onto the same axis of the relative velo=-
city vector of the liquid particle with coordinates z,, x,, ¥3; T is the cavity volume;
p is the liquid density; | is the coefficient of viscosity; g is the gravitational accele~
ration at a distance R from the center of attraction; v == 3gR~!; e; are constants
proportional to the Z;-axis projections of the vector from point O to the system's cen-
ter of inertia; y; are the direction cosines of the "vertical” NQ relative to the ¥;-axis,

The expressions for the kinetic and potential energies of the system have the form

4, 5] 1 R 1
T = D) (4o + BiGP +wid), 1= X (vCi1i® + 2e17y)

(123) (123)

Gy = B0 - g1, w*=p S [Uy + (0, — By Gy x5 — (03— B3 Gy) 2,12 dv (1 23)

The theorems of the kinetic energy and kinetic moment of the system lead to the rela-

tions U :%(T+H):—MSZ[2(3Z‘1>2+

di < (123)

( - + %%)2] dr, U, = 2 (A1 4 Gy) Y1 = b == consl

0xs (123)
The values of variables o;, v;, G;, w; (i = 1, 2, 3) for which [/ has stationary values
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under the condition U, = y,® + 7,® -+ ¥s* = 1 and for a given magnitude U; = &
of the area integral, correspond to permanent rotations of the whole system as one solid
body around the vertical ¥, defined by the formulas

01 = 0y, Q(C1 — L) yy = €3, Gy = 0By, 1= 0 (u, = 0) (123) (8.1)

Here the dependences ©® = o (k) of the angular velocity o of the permanent rotation
and of the intermediate parameter A on the constant % are determined by the relations
_ . 1, — L 12 »\\1"2

(l) ;}:(V—%—Q) ) Q il (z (Cl——}\,)z/l

\(123)

. ® Cier?
, h= G Z Cr— M2 (3.2)
(123)

The sufficient stability conditions (1, 6) for motions (3,1) with respect to the quanti-
ties o;, v;, G;, w; (i = 1, 2, 3) when
® 2 (Co—C3)* 113" =0 (3.3)
(123)

reduce to the inequalities [5, 6]

D =A=(4o?L +QCS)Q >0, A =QL>0 (3.4)
L= 0—C)(Ca—CP sty S= 0 -C)h—C? C= 20O’
(123) (123) (123)

If condition (3, 3) is not satisfied, the second of inequalities (3, 4) should be replaced by
the following:

By =400 D (Co =GP it +0Q 2 (h—C) (1 4 138 >0 (3.9)
(123) (123)
If the sign of even one of inequalities (3, 4) or (3, 5) changes to the opposite one, the

unperturbed motion (3, 1) is unstable [4],

If there is no liquid in the body's cavity, then by virtue of the theorem cited in Sect,
1, motion (3,1) is unstable if the inequality in the first of conditions (3, 4) changes sign,
If, however, A > 0 but A; << 0 or A" <0, then to resolve the question of stability
we should investigate the roots of the characteristic equation

0% (go0* + £10® + 8,) =0 (3.6)
go =100y, g1 = 2 Ci{(Co + C3 — O @ -H [Cy (M — Cy) +
(123)

Cah —Ca)1 Q1% g2 =A
If even one of the inequalities

g:1<<0, g,<<0, g&—4gyg,<<0 (3.7)

is satisfied, among the roots of Eq, (3,6) we can find a root with a positive real part, and
motion (3,1) is unstable; here { = 1 if g, << (0,and ¥ = 2 if g, > 0. However,
if all the inequalities in (3, 7) change sign, then motion (3,1) is stable in the first appro-
ximation and = 2 if A; << 0 or A," << 0. In this case, if among motions (3,1)
there are stable ones, then their stability bears a gyroscopic nature and collapses when
the system is acted on by dissipative forces with complete dissipation (the latter occurs,
for example, when a viscous liquid is present in the body’s cavity),
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4, The generators of the Shtoude cone in the body

Z e (Cy— Cy)7a73 =0

123)

serve as the axes of permanent rotations {3,1), The set of motions (3,1) can be repre-
sented geometrically in the form of the curve 2 = A (k) defined by Egs, (3,2). The
relation between the points of curve A = A (k) and the Shtoude cone generators is es~

tablished by formulas (3,1),
From (1, 3) we obtain the relation

dk

Aol + QCS

dh T 2o (Ci— N — M (s — 1)

and we can represent the expression (3,4) for A as
A = 20Q(C; —A) (Cy — A (Cy3 — A) dk/dh

Hence it follows that if A 5= (), C,, C, and o == 0, then A = ( if and only if
dk / dh = 0. At the bifurcation points for which A == 0, the tangent to curve k =

k (M) is parallel to the A-axis,

i (21 7\ (217 W ol I\ (a)
/ a
}
o} {% q{f} {1 (2} {2/_?\”/

ix

' A2 M bz
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@

[

WM dsfls| NBe—7y *

(oiN | B}

A

14
] 1 >
a Ayl A AT Ay ?/ ‘2”‘5’\5(3
i
C -
/\:

-\r\‘/

0 ¢ £, A’ £y A

Fig, 3

(4.1)

Figure 3, a shows the graph of the function % == k () inverse with respect to the
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function A = A (k) for the case when the equation Q (A) == ¥ has six real roots
A (G=1,... 6)and

(Co — C3) (€3 — CY €y — Oy eseges #+ 0 (O <0y << Cy) (4.2)
To analyze stability conditions (3,4) we use also the relations

a9 s ac 20,

ah  (Ci—NC2=M(Cs—A’ dh T (Ci—M{C:—N(Cs— V)
The second of these relations shows that if A = C,, C,, Cy, then dC / di = ( if and
only if L = 0. Let us show that the equation L (1) = O has only one real root A ==
L7 and Cy <C A° << C,. In fact, by substituting into expression (3, 4) the values for Y1
Y2» V3 from (38,1) for L, we represent L (1) as

@ (A)
Q1 (C1— AP (C2— A2 (C3 — A)?

(4.3)

L\ =
where

DQ) = D) (b — 1P (Cy — Cy)? ey2e52 = ah® — 3a,A% + Bash — ag
(123)
Gy = 2 O (Cy — Cylete >0 (m=0,1,2,3)
{123)
Hence it follows that the sign of function L (A) coincides with the sign of @ (1); here
@ (L) >0 if A > Cyand ® (A) << 0 if A << €. Further, the trinomial d® / dA
has complex roots since a,* — aga, <C 0 by virtue of the Cauchy-Buniakowski ine-
quality, Consequently, the equation (@ (A) == O has only one real root A = A° ; more~
over, since
D (C,) = (Cy — C)F (Cp — Cy)ey [(Cy — Cs) es® — (C4—Cy)ey®]
we have
C, < A< Cy, if (C, — Cy) e < (Cy — Cy) 912 (4.4)

Cy <V <0y, if (Cy — Cy) e > (Cy — Cy)

Figures 3b, c, show the graphs of the functions Q = Q(A) and C= —C (M)
when conditions (4, 2) and (4.4) hold, Here (', denotes the system's moment of inertia
relative to the straight line passing through the fixed point of the body and the system's
center of inertia,

Note 1, For the geometric representation of motions (3,1) Kuz'min [6] used the
function Q — Q (&) for the problem being considered here in the absence of the liquid,
To study the Kharlamov's cone directrice of the axes of uniform rotations of a heavy
gyrostat, the function ® = ® (k) was considered in [7, 8](for the permanent rotations
of a heavy solid body @ (M) and o (A} are related by Q (A) = w2 (A)) . For this function
there holds a relation analogous to the first one of (4, 3); the latter relation was used to
delineate a certain segment on the curve ® = o (A) for which the stability conditions
for the uniform rotations of a heavy gyrostat are satisfied, However, as seen from (3.4),
(4.1) and (4, 3), the critical points of the function ® = o (A) for which dw /dh = 0,
are not bifurcation points in the sense adopted here and a change in the degree of insta-
bility of the unperturbed motions being investigated does not occur at these points,

6. By A;jand A';(j = 1, ..., 6) we denote, respectively, the roots of the equa-
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tions dk /dh == 0 and Q (A) = v, numbered so that the inequalities

M A< Oy <T hy <Ay <Thg <Ay << Cy <Thy << hy < hy <<
Ly < Cy < Wg<Thg
hold in accordance with Fig, 3, a, Let us investigate the distribution of stable and un-
stable motions (3,1), at first on those branches of curve & = k (A) which do not inter-
sect the A-axis; for these branches Q (1) > 0.

let A > Cy; then L (A) >> 0,8 (A)>>0,and conditions (3,4) are satisfied, Mo-
tions (3, 1) are stable for . > C,and ¥ — 0. Now let (C, << h < Cy; then
¢ (h) = (C; — 1) (C, — 1) (Cg — &) >0, while o (1) and dk / d) (see Fig,3,a)
have values of the same sign if &, <% <C Cy, and values of different signs if (, <<
% < h;. By virtue of (4,1) we conclude from this that A >0 0 A<k < C'3,
and A << 0 if C, <<) <C h;. Further,for 2 =Cg (L %= C3) we have L ().) >0
and conditions (3, 4) are satisfied for such A , Since the condition A > O is the first
to be violated [5] as A varies continuously from the value for which conditions (3, 4)
are satisfied, it follows hence, firstly, that A° <_ 4; and, secondly, that motions (3,1)
are stable (y == 0) for &; << A <C Cy,and unstable (y = 1) for €, << h <As.
Analogously, it is not difficult to show that motions (3, 1) are unstable for 2 < C, (A
C,) ,where 3 = 1 if b, <A << Cyand 3 =2 if C; <A <<h, O h<<C,. In
addirion, the inequality }, < A° must hold, ’

We now consider the branches of curve % == k& (A) which do intersect the A -axis;
for these branches Q (L) < 0. Let A >> Ag’; then Ay = QL <C 0, ¢ (A) << 0, while
o (A) and dk / d) have values of different signs if A > A, and values of the same
sign if A’ <T A <C Ag. By virtue of (4,1) and (3,4) we conclude from this that motions
(3,1) are unstable and ¥ -= 1 if & > 2, and y == 2 if A" <T A < Aq. Analogous
arguments lead to the following conclusions, Motions (3,1) are unstable if i," < A <C
iy kg << h <Ay  ord < Ajandare stable if A, <TA <Thyor Ay <<A<<TAy

The results of stability investigation of motions (3, 1) are shown in Fig,3, a where
the values A = A; (j = 1, . . ., 6) correspond to bufurcation points, The distribution
of the degree of instability on the branches of curve % = A (k) holds also when there
is no liquid in the body’s cavity, In addition, in this case there exists A - A, < (' such
that motions (3,1) are stable in the first approximation if A, << A << Aq (A 5= (;),and
unstable if A <C A, ,on the branches of curve A = A (k) for which Q (A)>> 0. We
note that results analogous to the latter were obtained in [8] for the permanent rotations
of a heavy gyrostat,

For fixed values of (;, e; (i -~ 1, 2, 3), satisfying condition {4, 2), and for a conti-
nuous variation of parameter v from the values for which the equation Q (k) - v has
six real roots to zero of the branch of curve & = k () ; they intersect the % -axis, are
deformed continuously so that the branches located between the values Lo Cy Gy
and . - C,, C, shrink to a point lying on the A-axis and vanish, while the branches
for which A << C; and A>> C; go off to infinity along the A-axis: A, — — oo,
he' = - oo as v — 0 (v >> 0). In the limit as v — 0 (v > 0) we obtain the geor
metric representation and the distribution of the degree of instability of the permanent
rotations of a solid body with one fixed point in a uniform gravity field,

When condition (4, 3) is not satisfied the investigation of the bifurcation and the sta-
bility of motions (8,1) can be carried out analogously as indicated in Sect, 2. For these
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cases the system's permanent rotations depend upon two parameters A and % and these
motions can be represented geometrically in the space (k, A, «) asasurfacek =k (A,
%) whose equation can be obtained by substituting into the area integral [/, = k the
values of w;, ¥;, G;, w; (i = 1, 2, 3) corresponding to the permanent rotations being
examined, The surface k = k (A, %) consists of a cylindrical surface k = k (}, 0),
to each of whose generators corresponds one and only one permanent rotation, and of one,
two or three curves located in the planes A —= (), C,, C, and given by the equations
E=k(C;n), h==C; (i=1,2, 3).

Note 2, The problem on the motion of a solid body with one fixed point in a cen-
tral Newtonian force field [9] is dynamically equivalent to the Brun problem and to the
problem on the motion of a solid body (whose geometry and mass distribution satisfy the
condition of the second integrable Clebsch case) in an unbounded ideal liquid under
Chaplygin conditions, when the body's weight and the Archimedian propulsion force are
equal in magnitude, while the impulsive force is vertical, Therefore, any result pertain-
ing to one of these three problems can be extended to the other two, In particular, the
geometric representation of the constant helical motions of the body in the liquid and
the distribution of the degree of instability are the same as in Fig, 3, a; the parameter
k can be interpreted as the pitch of the body's helical motion,

As applied to the Brun problem the results obtained in Sects, 3— 5 correspond to the
attracting plane (v > 0). The investigation of the bifurcation and the stability of the
permanent rotations of a body for a repelling plane (v <C 0) can be carried out by ana-
logy with Sects, 3~ 5, The investigation carried out shows that the branches of curve
k = k (M) for which Q (A) <C 0 should be discarded since they correspond to purely
imaginary values of parameter %, while the branches for which Q (A) > 0 intersect the
A -axis at points determined from the equation Q (M) + v = 0 and tend to the values
M=y, C,y,Cy88 k— + oo, The curve & = & (A) is symmetric relative to the A -axis
and the tangent to this curve at the bifurcation points is parallel to the A-axis,

For example, if the equation Q (A) -+ v = 0 has six real roots, then the curve A =A(k)
has six branches intersecting the A -axis to the left and to the right of the values A = C,,
C., €4 and, under condition (4, 3), bifurcation points do not exist on these branchessince
all motions (3,1) lying on any one of them possess one and the same degree of instabi-
lity, If the equation @ (A) + v = 0 has tworoots A — A, (< C,) and A = Ay’ (> C3),
then the equation dk/ dh = 0 also has two roots A = A, C, < A, < Cy,and A = Ay,
Cy» <My <C C,. Motions (3,1) are stable (% = 0) for A > A, (A == C3), are unstable (X =
1) for A, <CA <C A, ,and the degree of instability y = 2 for A < A, (A 5= €,) LAS v —
U(v<V)wehave A’ - — o0, Ay’ — -+ oo and in the limit we obtain the geometric
representation and the distribution of the degree of instability of the permanent rotations
of a heavy solid body,
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A solution of the problem of optimal stabilization (in a specific sense) of the rota-
tional motion of a gyrostat (a solid with two flywheels) in a central Newtonian
force field is given within the framework of analytical control theory [17].

1, Inftial equations of motion, Formulation of the problem,
Retaining the notation used earlier [2], let us consider a solid along two of whose princi=-
pal axes of inertia are located the axes of rotation of homogeneous symmetric flywheels,
set in motion by special motors, The gyrostat is in a central Newtonian force field (O,
is the attracting center,and O is the center of mass of the gyrostat),

Shown in Fig, 1 are the following coordinate systems: O;X;X,X; — the inertial sys-
tem, (Oz,2,x3 — rigidly coupled to the gyrostat and directed along its principal axes of
inertia ( Ox, and Oz, are the axes of flywheel rotation), Ox,'z,” ;" —semi-mobile
(the Ox;’ axis coincides with the Oz, axis, while the Oz,’, Oz, axes do not take
part in gyrostat rotation around the Oux; axis), Let us introduce the notation: (,C,,
C, are the gyrostat moments of inertia relative to the Oux,x,x3 axes, respectively,

Ji, J, are the axial moments of flywheel inertia (for a symmetric gyrostat (0 ==

Cy, = C, Jy == Jy =J); q1, @2, g3 are the projections of the instantaneous angular
velocity of the trihedral Ox,'x,'x;’ on these axes, §,, are the direction cosines of the
angles between the O, X,;X,X, and Ox,'r,'%; axes, hy, h,, h, are projections of



